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Abst rac t - -A  dominating set in a graph G is a connected dominating set of G if it induces a 
connected subgraph of G. The minimum number of vertices in a connected ominating set of G is 
called the connected domination number of G, and is denoted by "Yc(G). The purpose of this paper 
is to initiate an investigation of those graphs which are critical in the following sense: for each v, 
u 6 V(G) with v not adjacent o u, 7c(G + vu) < 7c(G). Thus, G is k-Tccritical if 7c(G) = k and 
for each edge e ~ E(G), %(G + e) < k. First we discuss whether some particular classes of graphs 
are %-critical. Then 2-%-critical graphs are characterized. Finally, the properties of the 3-%-critical 
graphs are studied. (~) 2004 Elsevier Ltd. All rights reserved. 
Keywords - -Connected  domination umber, Connected omination critical graph, Tree, Diame- 
ter. 
1. INTRODUCTION 
Let G = (V, E)  be a simple connected graph. The degree, neighborhood, and closed neighborhood 
of a vertex v in the graph G are denoted by d(v), N(v) ,  and Y[v] = Y(v)  U {v}, respectively. 
The minimum degree and maximum degree of the graph G are denoted by 5(G) and A(G),  
respectively. The graph induced by S C_ V is denoted by (S). Let Pn, Cn, Kl ,n-1 ,  and Ks  
denote the path, cycle, star, and complete graph with n vertices, respectively. Let Kn,m denote 
the complete bipartite graph. 
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A dominating set S is a set of vertices where every vertex of G is in N[v] for some v C S. 
The domination number v(G) is the minimum cardinality of a dominating set. A dominating set 
in a graph G is a connected ominating set of G if it induces a connected subgraph of G. The 
connected omination number re(G) is the minimum cardinality of a connected ominating set. 
If S is a minimum connected ominating set, we call S a %-set of G. 
A graph is said to be v-domination critical, or just 3"-critical, if 3'(G) = 3' and 3'(G + e) = 
7 - 1 for every edge e in the complement G of G. This concept of 3'-critical graphs has been 
studied by Sumner and Blitch [1], Sumner [2], and Wojcicka [3]. Haynes, Mynhardt and van 
der Merwe [4,5] defined a graph G to be total domination edge critical, or simply kt-critical, if 
3'~(a + e) < 3'~(G) = k for any edge e e E(O). 
In this paper, we study the connected omination critical graphs. The graph is said to be 
connected omination critical in the following sense: for each v, u E V(G) with v not adjacent 
to u, 3'¢(G + vu) < vc(G). Thus, G is k-3"c-critical if 3'~(G) = k and for each edge e ~ E(G), 
3' (c + e) < k. 
We use the following terminology and notation. An end vertex is a vertex of degree one and its 
neighbor is called a support vertex. For sets S, X c_ V, if S dominates X, then we write S >- X, 
while if <S> is connected and S dominates X, we write S >-~ X. If v, u are adjacent vertices, 
then we write v / u. Otherwise, we write v ± u. 
First we discuss whether some particular classes of graphs are 3'c-critical. Then 2-3'c-critical 
graphs are characterized. Finally, the properties of the 3-%-critical graphs are studied. 
2. MAIN  RESULTS 
Whereas the addition of an edge from the complement G can decrease the domination umber 
of G by at most one, it can decrease the connected omination umber by as much as two. 
THEOREM 1. Let G be a connected graph. Then for any edge e C E(G),  ~/c (G) - 2 <_ Vc (G + e) <_ 
PROOF. It is clear that r~(G + e) _< re(G). Now we only prove 7~(G) - 2 _< %(G + e) for any 
edge e 6 E(G). Say e = vu. Let S' be a connected ominating set of G + e with minimum 
cardinality. 
CASE 1. v, u ~ S'. Then S' is a connected ominating set of G. Hence, %(G) _< V~(G + e). 
CASE 2. Exactly one of v, u is in S', say v e S' and u ~ S'. If u is adjacent o at least one 
vertex in S' - {v}, then S' is a connected ominating set of G. Hence, re(G) _< %(G + e). Thus, 
assume that u is not adjacent o any vertex in S' - {v}. Since G is a connected graph, u is not 
an isolated vertex in G. Let t e N(u). Then t C V(G) - S' and t is dominated by at least one 
vertex in S'. Then S' U {t} is a connected ominating set of G. Hence, 7c(G) _< 7c(G + e) + 1. 
CASE 3. v C S' and u 6 S'. If vu is not a cut edge of (S'>, then S' is a connected ominating 
set of G. Hence, r~(G) <_ vc(G + e): If vu is a cut edge of <S'), then let S~ and S~ be the two 
components of ( S'> - vu. If there exists a vertex w in V ( G) - S' such that w 6 ( N ( S~ ) n N ( S~ )), 
then S' m {w} is a connected ominating set of G. Hence, rc(G) <__ rc(G + e) + 1. Hence, 
assume that there is not a vertex w in V(G) - S' such that w 6 (N(S~) A N(S~)). Since G 
is a connected graph, there exist two vertices wl and w2 such that wm E N(S~), w2 6 N(S~), 
and wl and w 2 are adjacent. Hence, S' U {Wl,W2} is a connected ominating set of G. Hence, 
r (G) < 3'Jc + e) + 2. 
OBSERVATION 1. If %(G + vu) < %(G) for a connected graph and an edge vu E E(G), then 
every %(G + vu)-set S contains at least one of u and v. Moreover, if without loss of generality, 
u E S and v ~ S, then u is the only neighbor of v in S. 
OBSERVATION 2. If %(G + vu) = r~(G) - 2 for a connected graph and an edge vu E E(G), then 
every %(G + vu)-set S contains both u and v. 
Connected Domination Critical Graphs 505 
For any edge vu E E(G),  when we write [v,S] r ,~ u, it is understood that SU{v} is a 
connected ominating set of G - {u} and u is not dominated by S. Since adding the edge 
between the two end vertices of a path Pn yields a cycle Cn and %(Pn) = %(C~) = n - 2, we 
have the following lemma. 
LEMMA 1. Let G be the path, cycle, star, and complete bipartite graph, respectively. Then 
(1) P~ is not %-critical for n > 3, 
(2) Kl,n_ 1 is not %-critical for n >> 3, 
(3) C~ is %-criticaI for n > 4, 
(4) Kn,m is not 7c-critieaJ for max(n, m) _> 3. 
THEOREM 2. No tree with order n >_ 3 is 7c-critical. 
PROOF. Suppose tree T with order n > 3 is 7~-critical. Let L = {v E V(T)  ] d(v) = 1) and 
I = V(T)  - L. 
CLAIM 1. No vertex is adjacent to two or more end vertices. 
If a support vertex is adjacent o two end vertices u and v, then %(T)  : 7~(T + uv), con- 
tradict ing the fact that  T is %-critical. Hence, each support vertex is adjacent o onty one end 
vertex. 
CLAIM 2. No two support vertices are adjacent. 
Suppose that u and v are support vertices of u' and v', respectively, and that u and v are 
adjacent. Consider T I = T + ulv t and let S t be a connected ominating set of T t. If both u t 
and v t are in S', then (S t - (u', v'}) t_J {u, v} is a connected ominating set of T, a contradiction 
since [S'[ < ?c(T). Hence, assume that u' E S t and v t ¢ S t, implying that u E S t and u t is the 
only neighbor of v t in T t that belongs to S t. But then (S' - {ut}) U {v} is a connected ominating 
set of T, again a contradiction. 
Let P = vlv2 • • • vt denote the longest path in T. By Claim 2, t > 5. 
CLAIM 3. d(vl) = d(vt) = 1 and d(vi) = 2 for i = 2, 3 , . . . ,  t - 1. 
Since T is a tree, it is obvious that d(vl) = d(vt) = 1. By Claim 1, d(v2) = d(vt-1) = 2. If 
there exists a vertex vi for i = 3 , . . . ,  t - 2 such that d(vi) >_ 3, then let T t = T + v~-lVi+l. It is 
clear that for each v E I,  v is still a cut vertex of T t. Hence, for each v C I ,  v belongs to every 
7c-set of T t. So, %(T  t) > %(T),  contradicting the fact that  T is ~c-critical. 
Hence, T is isomorphic to a path P~. But by Lemma 1, Pn is not %-critical, which is a 
contradiction. | 
It is obvious that the only 1-%-critical graph is Kw. For 2-%-critical graphs we have the 
following theorem. 
THEOREM 3. A connected graph G is 2-~/~-critical i f  and only i f  G = Ui~l Kz,n~ for ni >_ 1 and 
n>2.  
PROOF. We first prove the necessity. If G is a connected 2-%-critical graph, then for any edge 
e c E(G),  say e = vu, we have %(G + e) = 1. Thus, it follows, without loss of generality, 
that  {v} dominates G + e and so v is an isolated vertex of 0 - e. Hence, we have shown that 
every edge of Q is incident with an end vertex of 6 .  Since G is a connected graph, it follows that 
n ---- Ui=l K I ,~  for ni _> 1 and n _> 2. 
n Now, we consider the sufficiency. If 0 = [-Ji=z Kz,~, for ni > 1 and n > 2, then it is obvious 
that no vertex can dominate G. Hence, ~/c(G) > 1. Let u be an end vertex of G and v be a center 
vertex of G and uv ~ E(G).  Then {u, v} is a connected ominating set of G. Hence, 7~(G) _< 2, 
that  is, 7~(G) = 2. For arbitrary e = uv E E(G),  assume that u is an end vertex and v is a 
center. It is dear  that d(G+e)(U) = n -- 1 and %(G + e) = 1. So, G is a connected 2-%-critical 
graph. | 
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Since it is easy to see that a connected graph is 2-Tc-critical if and  only if it is 2-3'-critical, 
Theorem 3 is really an immediate  consequence of the corresponding results in [I]. The  situation 
for k-~/c-critical graphs with k _> 3 is more  complicated. Here we consider the 3-3,c-critical graphs. 
The  class of connected 3-~/c-critical graph is different f rom that of 3-7-critical graph. For example, 
C5 is a 3-%-critical graph, but not a 3-7-critical graph. Suppose  G is a connected 3-To-critical 
graph, if v, u are two nonadjacent vertices of G, then 3%(G+uv)  _~ 2. Observations 1 and 2 imply 
that one of {u} >-c C + uv, {v} >-c C 4- uv, {u, v} >-c C 4- uv, Iv, x], ~c u for some vertex x and 
[u, x] , ~c v for some vertex x holds. 
If vu c E(C)  and there exists x E V(C) with [v, x], ~ u, then we orient v to u in ¢.  If there 
exists x e V(G) with [u, x], ~ v, then we orient u to v in G. In particular, if {u, v} >-~ C + uv, 
we allow both (v, u) and (u, v) to be arcs in the orientation of C. With a similar way as those 
in [1], we have the following result. 
LEMMA 2. Let C be a connected 3-Tccritical graph and S an independent set with s > 3 vertices. 
Then the vertices in S may be ordered as al, a2, . . . ,  as in such a way that there exists a path 
x l ,x2 , . . . , xs_ l  inG-S  with[ai,xi]~ ~cai+l fo r i= l ,2 , . . . , s -1 .  
PROOF. Since S is independent in G, <S} is a complete subgraph in G, and hence, the canonical 
orientation in 6 induces a tournament in (S>. Thus, since every tournament has a spanning 
directed path, we may label the vertices of S as al, a2, . . . ,  as such that (ai, a~+l) is an arc of 6 
for each i  = 1 ,2 , . . . , s -1 .  Since s > 3 and 7c(G4-a~a~+l) < 2 for eachi ,  no one of {a~}, 
{ai+l}, and {ai, ai+l} is a connected ominating set of G + a~a~+l. Hence, there exists x~ such 
that [a~,x~] a ,~ ai+l. It is clear that xi ~ S, xi 6 N(a~), and xi 4- a~+l. Since xi_kai+l for 
j ---- 1 ,2 , . . . , s  - 1 and j ~ i, it follows that x~ 5~ xj. Finally, since for i = 2 ,3 , . . . , s ,  x i -1 /=a i  
and [ai, xi] , ~ a~+l, we have Xi-l±X~. Thus, x l ,x2 , . . . ,  xs-1 is the required path. | 
By Lemma 2, we have the following result. 
THEOREM 4. Let G be a connected 3-%-critical graph. 
(1) I f  S is an independent set in G with ISI = s, then there exists x E S with d(x) >_ s - 1. 
(2) Then G either is isomorphic to C5 or contains a triangle. 
(3) ff  C is a graph of even order, then C contains a 1-factor. 
(4) Let t3(C) denote the cardinality of a largest independent set in G. Then ~(G) <_ 
min((lV(C)I 4- 1)/2, A(G) 4- 1). 
(5) Let diam(C) denote the diameter of C, then diam(G) _< 3. 
PROOF. 
(1) If s _< 2, the result is trivial. So we assume s > 3 and let S = {at ,a2, . . .  ,as} be ordered 
as in Lemma 2. Then {x l ,x2 , . . .  ,x~- l} C_ N(al).  Thus, d(al) >_ s - 1. 
(2) We discuss it from the following two cases. 
CASE 1. G has order five or less. Then it is easy to prove that the 3-%-critical graph G is 
isomorphic to C5. 
CASE 2. tv(c)t _> 6. Since the Ramsey number R(3, 3) = 6, if c does not contain a triangle, 
then G must contain an independent set S of order at least three. Let S = {a l ,a~, . . . ,as}  be 
ordered as in Lemma 2, and let x l ,x2 , . . . , xs -1  be the associated path. Then it follows that 
{xl, x2, al} is a triangle in G, which is a contradiction. 
(3) First, we have the following claim. 
CLAIM. I f  T is a separating set of vertices for C, then C -T  has at most IT[ + 1 components. 
Otherwise, we may assume that IT]-- n and C-T  has components A1, A2 , . . . ,  A,~+I, A~+2. 
Let a~ E Ai for i = 1,2, . . .  ,n+2.  Then S = {al ,a2, . . .  ,a,+2} is an independent set in G 
with Isl >__ 3. We assume S is ordered as in Lemma 2, and let x l ,x2 , . . .  ,x~+l be a path 
in C -  S with [ai,xi] ~-----~c ai+l for each i = 1 ,2 , . . . ,n+ 1. Then each xi is adjacent o 
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vertices in more than one of the Ais, and hence, it follows that each x~ belongs to T. But 
this is impossible since ITI -- n. 
The classic theorem of Tutte on the existence of a 1-factor in a general graph states 
that a graph has a 1-factor if and only if it does not contain a set S such that G - S has 
more than ISI odd components. As a consequence of Tutte's theorem, our result follows 
at once from the above claim. 
(4) This follows easily from (1) and Lemma 2. 
(5) Let G be a connected 3-%-critical graph and suppose G has diameter at least 4. Assume 
that P -- vlv2,.  • •, Vd is a longest path with the distance equal to the diameter of G. 
It is obvious that d > 5. Since G is a connected 3-%-critical graph, 7c(G + VlVd) <_ 2. 
Since v3 cannot be dominated by {vl, Vd}, it follows that there exists a vertex x such that 
[Vl, x]~ >c Vd or [Vd, x] ~-% Vl. If [vl, x] ~--% Vd, then x E N(v l )  and x ± Yd. Then vd-1 
is not dominated by {vl, x}, which is a contradiction. If [Vd, x] ~--% Vl, then x C N(Vd) 
and x ± vl. Then v2 is not dominated by {Vd, X}, which is a contradiction. | 
For a 3-%-critical graph, let Sk = {v : v C V(G) and d(v) < k} and let dk -- ISkl. For 
a subset A of the vertices of a graph G, we will denote by fl(A) the cardinality of a largest 
independent set of vertices in A. 
THEOREM 5. Let G be a connected 3-%-critical graph. Then for k > 1, dk <_ 3k. 
PROOF. Assume dk k 3k + 1 for k > 1. We have the following claims. 
CLAIM 1. There does not exist x, y, z C Sk with Ix, y] ~--% z. 
Otherwise, if x, y, z 6 Sk with [x, y], ~ z, then 3k + 1 < ISk] <_ d(x) + d(y) + 1 and so k < 0, 
which is a contradiction. 
CLAIM 2. ~(Sk) ~ k ~- l. 
Otherwise, suppose that A = {al ,a2, . . . ,ak+2} is an independent  set in Sk ordered as in 
Lemma 2. Then  there exist X l ,X2, . . . ,Xk+l  in G-  A such that [xi,ai]i ~ a~+l for i = 
1,2,. . . ,k + I. Moreover,  xi ~ Sk for each i. Let b E Sk - A. Then  for each i = 1,2,.. . ,k + i, 
b is adjacent to at least one of xi and  ai wh ich  is impossible since d(b) <_ k. 
Let H be the subgraph of G, induced by  Sk. Then  each vertex v E H satisfies dH(v) > 2k. 
Hence, considering the canonical orientation of H ,  there must  exist a vertex v c Sk with out 
degree at least k. Let A = {al,a2,... ,ak} be a set of k vertices in Sk such that (v,ai) is an arc 
in Go Thus,  for each i -- i, 2,..., k, there exists xi E G such that [v, xi] ~--+c hi. Note  that by  
C la im i, xi ~ Sk. Now let B be any set of k vertices in Sk - A - {v} wh ich  are not adjacent to v 
in G. Then  each element of B is adjacent in G to each xi, i = I, 2,..., k. Thus,  B U {v, al} is an 
independent set of k + 2 vertices in Sk. But this is contrary to Claim 2. | 
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